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CALCULUS. 



Conducted by J. M. COLAW, Monterey, Va. All contributions to this department should be sent to him. 



SOLUTIONS OF PROBLEMS. 

40. Proposed by B. F. BURLESON, Oneida Castle, New York. 

Find (1) in the leaf of the strophoid whose axis is a the axis of an inscribed leaf of 
the lemniscate, the node of the former coinciding with the crunode of the latter. Find (2) 
in a leaf of the lemniscate whose axis is 6 the axis a of an inscribed leaf of the strophoid, 
the node of the former also coinciding with the crunode of the latter. 

Solution by C. W. M. BLACK, A. II., Professor of Mathematics in Wesleyan Academy, Wilbraham, Mas- 
sachusetts. 

Solving the equatians, r coaff+a cos2#=0 (strophoid), and r=e 2 cos2# 
(lemniscate), we find they coincide when sin#=^/i (1), or sin#= | tt ~ 6 (2). 

(1) shows that they coincide at the origin for all values of a and e. We 
have to find the relation between the axes a and e which will make the curves- 
tangent at the points determined by (2), provided those points are on both the 
leaves. Let <f> = ^L made by the tangent at any point, with the radius vector 

j a 

drawn to that point. Then by the formula tan$=r -r— . 

dr 

dr =p<!8in2# 



Now for the lemniscate r=±ei/cos2#. -77-,= 

. L — ^J v /cos20 \ 2sin 2 0-l 

tan^=±e ( cos2tf(— - — ^77-)= — (3). 

V =Fesin2# / 2sin6V l-sin 2 

For the strophoid r= — acos2#/cos#. 

dr/dff= — o(— 2cosft3in20+cos20sin#)/cos 2 tf. 

tan^=[acos s 6'cos26']/[acos6'(— 2cos#sin2#+cos2#sin#)] 



= [ v /l-sin s 6'(l-2sin 2 6')]/[8in^(2sin s 6'-3)] (4). 

Now equate (3) and (4) and substitute from (1), 



.[ v /l-sin s (9(l-2sin 2 #)]/[sin/9(2sin^-3)] = (2sin 8 #-l)/2sinVl-sin I! 6'. 

2sin0(l-sm 2 #)(l-28in 2 #) = sinfl(l-2sin 2 0)(3-2sin 2 6»), 

2|i(l-iKl-l) = Ki(l-lK3-l)orO = 0, 
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which shows that the curves are tangent at point (#=sin _, |/l, r- 0) for any 
value of a and e. Again substituting from (2), 

f a »- e » / a* \( e* \ f a »_ e * / e» \/4a'- e'x 
>(2a s -e^2a i! - e s /\2rt 8 - e 8 / ^2a«- "e*\2a«- e*A2a ! - e*)' 

This resolves into the three equations : \ a ~ e —0, whence e = ±a (5) : 



e 



2 



2a 2 — e 2= °' whence e=0 ( 6 ) ' 

2a s 4ffl»-e 8 , , , n ,„. 

2^T^=2^^^' whenCee=±av2 (?) - 

From (5) substituted in (2), sin#=0. .'. the curves are tangent at the ex* 
tremity of the common axis, and the equations become, 

r cos0+a cos2#=0 (8), 

r* = « s cos2# (9). 

From (9) r, =±a|,'cos2tf. 

From (8) r ^-^^L^-a v ^^ I ™™ = -«,/co72fl It^^lL. 
coslf >J l-sin s # \ l-sin*0 

Since for any value of sintf numerically less than j/J, | m is 

\ 1 — sin*0 



is nu- 



merically less than 1, r 8 is then numerically less than r,. But by tracing the 
curves the leaf of each is seen to be formed by values of determined by this 
limit. . - . every point of the leaf of the strophoid lies within the lemniscate, and 
the former is in this case inscribed. From (6) equation of lemniscate becomes 
r*=0, and the curve becomes a point. From (7) by substituting in (2) 



sinfl = I E_ an impossible value. 



Accordingly the leaf of the strophoid can be inscribed in the leaf of the 
lemniscate when their axes are equal, and under no condition can the leaf of the 
lemniscate with an axis greater than be inscribed in the leaf of the strophoid. 

Also solved by a. S. M. ZEBR, and the PROPOSER. 

[It will be seen that Professor Black's result does not realize the intention of the problem as given 
by the Proposer. However, even for the Proposer's reading of the problem, his solution seems to us to 
be defective in several points. We may give Professor Zerr's solution later. Editor.) 



